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Elastic deformations of graphene can significantly change the flow paths and valley polarization of
the electric currents. We investigate these phenomena in graphene nanoribbons with localized out-
of-plane deformations by means of tight-binding transport calculations. Such deformations can split
the current into two beams of almost completely valley polarized electrons and give rise to a valley
voltage. These properties are observed for a fairly wide set of experimentally accessible parameters.
We propose a valleytronic nanodevice in which a high polarization of the electrons comes along with
a high transmission making the device very efficient. In order to gain a better understanding of
these effects, we also treat the system in the continuum limit in which the electronic excitations can
be described by the Dirac equation coupled to curvature and a pseudo-magnetic field. Semiclassical
trajectories offer then an additional insight into the balance of forces acting on the electrons and
provide a convenient tool for predicting the behavior of the current flow paths. The proposed device
can also be used for a sensitive measurement of graphene deformations.
I. INTRODUCTION
One of the remarkable features of graphene and some
other 2D materials is the fact that the electrons occupy
the valleys around two inequivalent Dirac points K± in
momentum space. This additional valley spin degree of
freedom can be used for a new type of electronics, called
valleytronics [1]. Its key element is an efficient valley
polarizer which can separate in space the electrons from
the two different valleys. Due to the high interest in
this field, several proposals have been already suggested:
a graphene valley polarizer can be constructed by us-
ing gated constrictions [2, 3], the trigonal warping of the
Dirac cones [4, 5], a line defect [6, 7], electrostatic poten-
tials in bilayer graphene [8], or artificial electron masses
with [9] or without [10] spin-orbit coupling.
Recently, it has been investigated how mechanical de-
formations affect the electronic properties of graphene,
see [11–13] for an overview. It has been shown that
a valley polarizer can be constructed by using strained
graphene in combination with electrostatic gates [14] or
magnetic barriers [15, 16]. Moreover, strain alone can
lead to valley polarization of the electrons. The required
strain patterns are generated, for example, by out-of-
plane folds [17], bumps [18, 19] or in-plane wavelike defor-
mations [20]. Some of these deformations have been re-
alized experimentally: bumps [21–24] and folds [25] have
been produced in suspended graphene, a bump-like de-
formation pattern has been engineered recently [26, 27]
in graphene on a substrate.
The essential idea of those approaches is to use the
pseudo-magnetic field which is produced by the strain.
The pseudo-magnetic field for a bump-like deformation
is sketched in Fig. 1 by the red and blue color shading. It
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Figure 1: The current flow in a graphene nanoribbon with a
localized out-of-plane deformation (2) is studied. Electrons
are injected through a wide source contact on the left zigzag
edge. The transmission of these electrons through the sys-
tem is detected by three contacts {0, 1, 2} on the right hand
side. The deformation creates a pseudo-magnetic field which
acts with the opposite signs on the two valleys K± and can
be used to generate valley-polarized currents. The classical
trajectories of the electrons in the two different valleys are
indicated by the black solid lines. Note that in order to show
the orientation of the graphene lattice, the system has been
scaled down compared to its actual size of 100× 100 nm.
is oriented perpendicular to the graphene sheet and acts
with opposite signs on the two valleys. This valley de-
pendency can be used to separate spatially the electrons
from the different valleys. The curved black trajectories
in Fig. 1 indicate the deflection of the electrons injected
at the source contact S in different valleys K±. The
valley polarized electrons can then be extracted at the
contacts 1 and 2.
The general idea to construct an all-strain based valley
polarizer has been presented recently in [18, 19]. Here, we
extend and significantly improve the previous work. We
suggest a new device in which almost complete valley po-
larization of the electrons comes along with a high trans-
mission (conductance) making our device very efficient.
This is achieved because we do not filter out from the in-
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2jected electrons a small part of valley polarized electrons
but we split up all the current into two valley-polarized
beams. In contrast to studies of quasi-infinite systems
[18, 28], we attach realistic contacts to the edges of the
device in order to quantify the current flow in the system
and assess its efficiency. In this way, we obtain a highly
efficient valley polarizing device working in a wide range
of experimentally accessible parameters.
In our previous work we have developed a geometric
language, based on the continuous elasticity theory, for
describing current flow paths in deformed graphene [29].
That approach makes use of the Dirac equation coupled
to effective curvature and pseudo-magnetic field. Semi-
classical trajectories provide an efficient method to esti-
mate the current flow paths and will also be used to gain
additional insight into the system.
II. DEVICE AND ITS MODELING
We consider a graphene nanoribbon of size (Lx, Ly) =
(100× 100) nm. The nanoribbon is described by the
tight-binding Hamiltonian
H = −
∑
n,m
tnm |nA〉 〈mB |+ h.c., (1)
where |nA/B〉 indicate the atomic states localized on the
carbon atoms at positions rn on sublattices A or B, re-
spectively. The sum runs over nearest neighboring atoms.
In homogenous graphene these atoms are separated by a
distance of d0 = 0.142 nm and coupled with the energy
tnm = t0 = 2.8 eV.
The nanoribbon is deformed elastically by lifting the
carbon atoms according to the height function
h(r) =
h0
1 + (|r − rc| /r0)2
. (2)
The center of the deformation is defined by rc. Its height
and width are controlled by the parameters h0 and r0,
respectively. Experimentally, such deformations can be
generated by substrate engineering and the tip of atomic
force microscope [21, 22, 26] or gas pressurized mem-
branes [23, 24, 30, 31]. The modification of the coupling
matrix elements is in good approximation described by
tnm ∼= t0 exp(−βδnm), (3)
where δnm =
|rn−rm|−d0
d0
and β = 3.37 [17, 32, 33].
A. The effective Dirac equation in curved space
At low energies, where the electron wavelength is much
larger than the lattice constant, and for small deforma-
tions the discrete tight-binding Hamiltonian (1) can be
approximated by the continuous Dirac Hamiltonian1
HD = i~vFσae la (x)
(
∂l − iK±l (x)
)
. (4)
describing relativistic massless fermions in curved space
[29, 34–36]. Here, vF = 3t0d0/2~ is the Fermi velocity
of the excited electrons and σa (a = 1, 2) are the Pauli
matrices. The local frame vectors ea(x) are determined
by the effective strain tensor εˆ = β εˆ0, which transforms
the local frame
ea(x) = (1− βεˆ0(x)) ea. (5)
Hence, the effective geometry for the electronic excita-
tions is only magnified by the scalar factor β > 1 but is
otherwise identical to the real geometry of the deformed
nanoribbon. K±(x) is a vector potential given by [11, 39]
K±(x) = K± ± β
2
(−2εxy, εyy − εxx,) (6)
where K± = (0,± 4pi
3
√
3d0
) are two Dirac points of pristine
graphene. The curl of this vector potential gives rise to
an effective pseudo-magnetic field
B±(x) = ±[∂x εyy(x)− ∂x εxx(x) + 2∂y εxy(x)], (7)
which is perpendicular to the graphene plane. In con-
trast to a true magnetic field, the pseudo-magnetic field
acts with the opposite sign in the two different valleys
and hence, the time-reversal symmetry of the system is
preserved. The change of sign of the pseudo-magnetic
field will be used to separate spatially the electrons from
the two different valleys, see Fig. 1. The finite curvature
expressed by the local frame ea(x) also affects signifi-
cantly the transport [29]. However, it acts equivalently
on the two valleys and hence has no effect on the valley
polarization.
B. Current flow lines in the geometric optics
approximation
At low energies and for large-scale deformations, which
fulfill the hierarchy
lattice constant wavelength deformation scale,
1 The spin-connection term, which guarantees hermiticity of the
Hamiltonian, can be neglected as a higher order correction. The
Dirac equation naturally couples to the curved geometry via a
local frame field [29, 34–36]. In [29], we demonstrated that the
waves propagate along geodesics and therefore, the effective ge-
ometry can be assumed to be Riemannian with the metric tensor
obtained from the frame. However, for strong deformations the
effective current paths may deviate from geodesics and require an
extended geometric language, including for example the torsion
[37, 38].
3the continuum and geometric optics approximations can
be applied to the tight-binding Hamiltonian (1). In our
previous work [29], we have shown that in that case the
current flow in deformed graphene can be predicted by
trajectories of relativistic massless fermions which move
in a curved space in the presence of a pseudo-magnetic
field
dvi
dτ
= −Γiklvkvl +
√
g gijjk v
kB± (8)
where vi(τ) = dxi(τ)/dτ is the “velocity” and the right-
hand side terms describe geometric and magnetic forces,
respectively (Γikl are Christoffel symbols and ij is the
Levi–Civita symbol).
The calculation of these trajectories is computationally
much less demanding than the quantitative quantum ap-
proach described in Section II C and independent from
the system size. Therefore, it provides a useful tool to
estimate the current flow in deformed graphene nanos-
tructures, as shown in Fig. 1.
C. The nonequilibrium Green’s function method
for the current flow
The current flow in graphene nanoribbons is studied
quantitatively by means of the nonequilibrium Green’s
function (NEGF) method. This quantum method is
based on the tight-binding Hamiltonian (1) with hopping
parameters (3) modified due to the deformation and a
model for the contacts at which the electrons are injected
and detected. It does not rely on the Dirac approxima-
tion of Section II A nor on the geometric optics approxi-
mation of Section II B and hence, allows us to verify their
validity. As the NEGF method is discussed in detail in
various textbooks, see e.g. [40, 41], we summarize here
only briefly the essential formulas.
The Green’s function of the system is given by
G(E) = (E −H − Γ)−1 , (9)
where E is the single-particle energy of the injected elec-
trons and H is the tight-binding Hamiltonian (1). The
self-energies Γ =
∑
i Γi describe the effect of the contacts
attached to the nanoribbon, see the green bars in Fig. 1.
The electrons are injected at the left ribbon edge as
plane waves propagating to the right with momentum
q = (qx, 0) = (|E| /~vF , 0). This injection is modeled by
the inscattering function
ΓinS =
∑
n,m∈S
g(rn)g(rm)ψ
D
n
∗
(q)ψDm(q) |n〉 〈m| , (10)
where the sum runs over all carbon atoms in contact with
the source. The ψDn (q) are the eigenstates of the Dirac
Hamiltonian (4) (without any deformation)
ψDn (q)=
{
c−ei(q+K
−)rn + c+e
i(q+K+)rn n ∈ A,
σc−ei(q+K
−)rn+iφ−σc+ei(q+K+)rn−iφ n ∈ B,
(11)
where φ = arg(iqx + qy) and σ = sign(E). The c± are
the amplitudes of the excitations around the two K±
valleys and are used to control the valley polarization of
the injected current. The function
g(r) = e−4 log(2)(y−Ly/2)
2/d2opt (12)
gives the injected current beam a Gaussian profile. The
parameter d2opt =
2pi~vF
|E| Lx, which controls the width of
the Gaussian beam, is chosen in such a way that the
beam shows minimal diffraction [29]. Note that using
the eigenstates of flat graphene is justified, because ΓinS
has nonzero matrix elements only at the left ribbon edge,
where the source contact is located and the deforma-
tion vanishes. We assume that the injection of the elec-
trons does not affect their propagation in the graphene
nanoribbon and hence, we take ΓS = 0.
Three contacts are attached at the right ribbon edge,
where the electrons are absorbed and the current flow
can be measured, see Fig. 1. For these contacts we use
the wide-band model with
Γj = −i
∑
n∈Cj
|n〉 〈n| and Γinj = −2 Im (Γj) , (13)
where the sum runs over the atoms that are connected to
the contact j ∈ (0, 1, 2). Moreover, in order to suppress
boundary effects, we attach a virtual wide-band contact
to those edge atoms which are not connected to a real
contact.
The local current flowing between the carbon atoms is
calculated by
Inm = Im
(
t∗nmG
in
nm
)
, (14)
where
Gin = GΓinS G
†. (15)
The transmission (or conductance) between the source
and one of the three contacts at the right edge (i ∈
(0, 1, 2)), is given by
TiS = Tr
(
Γini GΓ
in
S G
†) . (16)
The transmission depends not only on the properties of
the nanoribbon but also on the size and the model of
the contacts attached to it. For a better comparison, we
normalize in the following the transmission with respect
to the total transmission Ttot =
∑
i∈0,1,2 TiS in a flat
nanoribbon.
D. Measurement of the valley polarization
The valley polarization of a state |α〉 can be measured
by its projection P (k) = |〈ψ(k)|α〉|2 onto the graphene
4S 0
S
0
kx
ky
0
Imax
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Figure 2: Left: Current flow in a flat graphene nanorib-
bon, where electrons are injected at the left edge with energy
E = 225 meV. The current (its density is indicated by the red
color shading and its vector field by the yellow arrows) goes
straight along the system indicating ballistic conduction. The
current flow lines in geometric optics approximation are indi-
cated by the blue-black dashed curves. Right: The projection
Pi(k) in the gray-shaded rectangular regions i ∈ (S, 0) shows
that the current is composed of states from all six valleys
and hence, is completely unpolarized. The small hexagons
indicate the regions over which the spectral density is inte-
grated to measure the polarization. Note also that the regions
around the valleys have been magnified by the factor 2.5.
lattice eigenstates2
ψn(k) =
{
eikrn n ∈ A,
σeik(rn−δ) f(k)|f(k)| n ∈ B,
(17)
where
f(k) = −te−3ikxd0[1 + 2e3ikxd0/2 cos(√3kyd0/2)], (18)
σ = sign(E) and δ = (−1,√3)d0/2 is the vector that con-
nects the atoms in sublattice A with the atoms in sublat-
tice B. This projection represents the occupied states in
k space and hence allows us to determine the valley po-
larization. Within the NEGF formalism, it can be trans-
formed to
Pi(k) = 〈ψ(k)|GΓinS G†|ψ(k)〉Ri , (19)
where the projection can be calculated over a finite region
Ri of the system, see for example the gray-shaded regions
in Fig. 2. The spectral density Pi(k) is integrated in
hexagonal regions K± around the valleys K±,
P±i =
∫
k∈K±
d2k Pi(k), (20)
2 Here, we chose the eigenstates of the lattice Hamiltonian (1).
Projecting onto the eigenstates of the Dirac Hamiltonian (4)
gives qualitatively identical results.
S
1
S
1
2
2
kx
ky
Figure 3: Left: Current flow in the deformed graphene
nanoribbon. The center of the deformation is indicated by
the black dot. The current (red color shading and yellow
arrows) is bent around the deformation centered at rc =
(0.65Lx, 0.50Ly), see the black dot. The current flow lines in
geometric optics approximation (blue solid and black dashed
curves) agree well with the current obtained from the NEGF
method. Right: The projection Pi(k) in the gray-shaded re-
gions shows that the current is injected unpolarized and split
into two beams of valley polarized currents.
see for example the small hexagons in Fig. 2 (right). The
valley polarization is then given by
Pi = P
+
i − P−i
P+i + P−i
. (21)
For Pi = ±1 the electrons are localized exclusively at the
K± valleys and hence, are completely valley polarized.
However, this relative measure can be misleading because
it is independent of the current density and hence does
not assess how much polarized current is flowing in the
system. Our aim is to propose an efficient device, where
a high valley polarization of the electrons comes along
with a high transmission of the injected current. Hence,
we assess the efficiency of our device by multiplying the
valley polarization with the corresponding (normalized)
transmission,
Qi = Pi TiS/Ttot. (22)
III. RESULTS
A. Current flow in flat and deformed graphene
nanoribbons
The current flow in a flat graphene nanoribbon without
any deformation is shown in Fig. 2. Electrons with energy
E = 225 meV are injected at the left ribbon edge. The
current flows straight along the system indicating ballis-
tic electron transport. Such current paths in graphene
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Figure 4: Current flow in a deformed graphene nanoribbon.
Top: When the injected current is polarized in the K+ valley
it is bent upwards (left), while in the K− valley it is bent
downwards (right). Bottom: The (relative) difference of the
transmission between the source and the contacts 1 and 2 as
a function of the polarization of the injected current.
nanoribbons have been observed experimentally very re-
cently [42]. The projection Pi(k) shows occupied states
in all six valleys.3 It confirms that the current is injected
unpolarized and remains unpolarized after traversing the
system.
The nanoribbon is then deformed in the way described
by (2) with width r0 = 0.55Lx, height h0 = 0.22r0 and
center rc = (0.65Lx, 0.50Ly). This deformation induces
a strain δnm of max 1.2%, which corresponds to changes
of the coupling matrix elements tij by max 4%. Note
that we assume that the height and width of the defor-
mation are proportional, which seems to be natural for a
deformation caused by the tip of a microscope. It can be
observed that due to the interaction with the curvature
and the pseudo-magnetic field the current is bent around
the deformation, see Fig. 3. The calculation of Pi(k) in
the gray-shaded regions indicates clearly that almost all
electrons in the upper beam occupy the K+ valley while
nearly all electrons in the lower beam are in the K− val-
ley. This follows from the fact that the pseudo-magnetic
field, sketched in Fig. 1, acts with opposite signs on the
electrons in different valleys and hence, separates them
spatially. Moreover, its interpolating form has the ability
to focus the electron beams. The different valley polariza-
3 Only two of these valleys are inequivalent, but for clarity we
prefer to draw all six of them. The numerical exact agreement of
the projections in equivalent valleys provides also a consistency
check of our computer code.
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Figure 5: Current flow in a graphene nanoribbon with de-
formations of various width r0 (see the insets) and height
h0 = 0.22r0. The deflection of the current increases with
increasing deformation.
tions of the two beams give rise to a finite valley voltage
[43] between the contacts 1 and 2 (the real voltage is zero
as the total currents in both beams are equal).
The current flow lines in the geometric optics approx-
imation, which are indicated by the solid black curves
in Fig. 2 and Fig. 3, agree qualitatively with the cur-
rent obtained by the NEGF method. Hence, the current
flow lines can be used for a fast estimation of the local
current flow, although they do not provide quantitative
information on the current density.
In Fig. 4 (top), valley polarized currents are injected
at the left ribbon edge. The current flow paths confirm
that the effect of the deformation depends strongly on
the valley spin, because electrons at the K+ valley are
bent upwards while electrons at the K− valley are bent
downwards. Additionally, we calculate the transmission
T1S and T2S between the source at the left and the con-
tacts at the right (see the thick black bars at the edges
of Fig. 4 (top)). Their (relative) difference TS1−TS2TS1+TS2 is
depicted in Fig. 4 (bottom) and demonstrates that the
proposed setup can be used to measure the valley polar-
ization by means of the current detected at the contacts
1 and 2.
B. Valley polarization as a function of deformation
In the following, we study in more detail how the val-
ley polarization is affected by deformations described by
(2). We consider the variable width r0 and the height
h0 = 0.22r0, which grows proportionally to the width.
The deformation is centered at rc = (0.65Lx, 0.50Ly).
The current flow patterns for various deformations are
depicted in Fig. 5 and confirm the expectation that
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Figure 6: Valley polarization Pi, transmission TiS and efficiency Qi as a function of the deformation width r0 and height
h0 = 0.22r0. For widths r0 > 0.5Lx a highly polarized current is obtained which comes along with a high transmission making
the device very efficient.
 1<latexit sha1_base64="9ujVTeX8fP4WFq3h6yLQ2FULi2E=">AAAOLnicrVfNbtNAEJ7yU9pCoIUjl4gICQStEoQEx1JaSqWilv5LbY T8s02sOnbwOmlLmieAKzwHT4PEAXHlITjw7djZNm2SdYBYzs6O55tvdmfXO7brvifjYvH7yKXLV66OXhsbn7h+I3fz1uTU7S0ZNiJHbDqhH0Y7tiWF7wViM/ZiX+zUI2HVbF9s2wcv1fPtpoikFwYb8XFdlGtWJfD2PceKoVqbLr2bLBRnivzLXxRKqVCg9LcaTo1+pD1yKSSHGlQj QQHFkH2ySOLapRIVqQ5dmVrQRZA8fi6oTRPANmAlYGFBe4D/Cnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF2lL0OLPasIj9Ha8DjOHt9AH1MVFiZkLbXsxJIFaSNCC30By8Gjj2mfnvOoPYyjzho1H47mm8eTCLoDfpKnBbaswIfN/SZmKkC7iUhVNjoe8jwzLlqLW8 FegtSjii5Cq7Kk4pnA1T26ZNzq6TTNob+Pu8r5VOMJ0B5ypmpsqRhaPM4AkavVUOa+YpTQRtpjlfWPcXf6EaQWFYBp86X8J7H25mhC72RisXkluTr7qneeqR+Lz+vPzOHz3MT0ALOnPOc5eg8ZqkL7MBOPpPdDce325CobuWI6ysSjVtAR/ofJyhrvdLPv7qwnqPwQ8zgohiX0ho8h QQ0TQz/+F1hjcqhMnvRkOjEyrfMeqP7FaKVG/o8Rb2TcJd0xbKTv9n/nd2HZhvTIYFfhN7LLtnt83tj8thyMiqCJL2DyvEO89MQyr0oXts2eXhw+UeNMPto95tE1zk9dI+v6VLbAPxi11JPNM7It9MQJI85CdO1U8iFXjZmxdV5sPmVN9hXe44lkpc8GIxY1YjEjwuV5TSQB2RzVvE bMZ0SoGkKmmET2uFYKDLhmF7LJa2EYvEz32R4jKhlmY10j1jMifK7PEsni89o1YpY1ZjkzJpnlRKpmWj0rei2s8K6vGBGhRoQZEQ2uGtu6ikoqtqSSdHQV3Z/vFB1ytrNjG2dW7imzz3WmmbepsR3e7Eh5DinPVMyDKkx5IdosyJhrwQR5iBhdxnisNUVb44rz7LvNSd6j+JIqnf9uu ihsPZkpFWdKb58WZufSb6oxukv3cO6V6BnN0mtaRQXv4Cz8RJ/pS+5r7lvuR+5nYnppJMXcoa5f7tcfC0DQ1Q==</latexit><latexit sha1_base64="9ujVTeX8fP4WFq3h6yLQ2FULi2E=">AAAOLnicrVfNbtNAEJ7yU9pCoIUjl4gICQStEoQEx1JaSqWilv5LbY T8s02sOnbwOmlLmieAKzwHT4PEAXHlITjw7djZNm2SdYBYzs6O55tvdmfXO7brvifjYvH7yKXLV66OXhsbn7h+I3fz1uTU7S0ZNiJHbDqhH0Y7tiWF7wViM/ZiX+zUI2HVbF9s2wcv1fPtpoikFwYb8XFdlGtWJfD2PceKoVqbLr2bLBRnivzLXxRKqVCg9LcaTo1+pD1yKSSHGlQj QQHFkH2ySOLapRIVqQ5dmVrQRZA8fi6oTRPANmAlYGFBe4D/Cnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF2lL0OLPasIj9Ha8DjOHt9AH1MVFiZkLbXsxJIFaSNCC30By8Gjj2mfnvOoPYyjzho1H47mm8eTCLoDfpKnBbaswIfN/SZmKkC7iUhVNjoe8jwzLlqLW8 FegtSjii5Cq7Kk4pnA1T26ZNzq6TTNob+Pu8r5VOMJ0B5ypmpsqRhaPM4AkavVUOa+YpTQRtpjlfWPcXf6EaQWFYBp86X8J7H25mhC72RisXkluTr7qneeqR+Lz+vPzOHz3MT0ALOnPOc5eg8ZqkL7MBOPpPdDce325CobuWI6ysSjVtAR/ofJyhrvdLPv7qwnqPwQ8zgohiX0ho8h QQ0TQz/+F1hjcqhMnvRkOjEyrfMeqP7FaKVG/o8Rb2TcJd0xbKTv9n/nd2HZhvTIYFfhN7LLtnt83tj8thyMiqCJL2DyvEO89MQyr0oXts2eXhw+UeNMPto95tE1zk9dI+v6VLbAPxi11JPNM7It9MQJI85CdO1U8iFXjZmxdV5sPmVN9hXe44lkpc8GIxY1YjEjwuV5TSQB2RzVvE bMZ0SoGkKmmET2uFYKDLhmF7LJa2EYvEz32R4jKhlmY10j1jMifK7PEsni89o1YpY1ZjkzJpnlRKpmWj0rei2s8K6vGBGhRoQZEQ2uGtu6ikoqtqSSdHQV3Z/vFB1ytrNjG2dW7imzz3WmmbepsR3e7Eh5DinPVMyDKkx5IdosyJhrwQR5iBhdxnisNUVb44rz7LvNSd6j+JIqnf9uu ihsPZkpFWdKb58WZufSb6oxukv3cO6V6BnN0mtaRQXv4Cz8RJ/pS+5r7lvuR+5nYnppJMXcoa5f7tcfC0DQ1Q==</latexit><latexit sha1_base64="9ujVTeX8fP4WFq3h6yLQ2FULi2E=">AAAOLnicrVfNbtNAEJ7yU9pCoIUjl4gICQStEoQEx1JaSqWilv5LbY T8s02sOnbwOmlLmieAKzwHT4PEAXHlITjw7djZNm2SdYBYzs6O55tvdmfXO7brvifjYvH7yKXLV66OXhsbn7h+I3fz1uTU7S0ZNiJHbDqhH0Y7tiWF7wViM/ZiX+zUI2HVbF9s2wcv1fPtpoikFwYb8XFdlGtWJfD2PceKoVqbLr2bLBRnivzLXxRKqVCg9LcaTo1+pD1yKSSHGlQj QQHFkH2ySOLapRIVqQ5dmVrQRZA8fi6oTRPANmAlYGFBe4D/Cnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF2lL0OLPasIj9Ha8DjOHt9AH1MVFiZkLbXsxJIFaSNCC30By8Gjj2mfnvOoPYyjzho1H47mm8eTCLoDfpKnBbaswIfN/SZmKkC7iUhVNjoe8jwzLlqLW8 FegtSjii5Cq7Kk4pnA1T26ZNzq6TTNob+Pu8r5VOMJ0B5ypmpsqRhaPM4AkavVUOa+YpTQRtpjlfWPcXf6EaQWFYBp86X8J7H25mhC72RisXkluTr7qneeqR+Lz+vPzOHz3MT0ALOnPOc5eg8ZqkL7MBOPpPdDce325CobuWI6ysSjVtAR/ofJyhrvdLPv7qwnqPwQ8zgohiX0ho8h QQ0TQz/+F1hjcqhMnvRkOjEyrfMeqP7FaKVG/o8Rb2TcJd0xbKTv9n/nd2HZhvTIYFfhN7LLtnt83tj8thyMiqCJL2DyvEO89MQyr0oXts2eXhw+UeNMPto95tE1zk9dI+v6VLbAPxi11JPNM7It9MQJI85CdO1U8iFXjZmxdV5sPmVN9hXe44lkpc8GIxY1YjEjwuV5TSQB2RzVvE bMZ0SoGkKmmET2uFYKDLhmF7LJa2EYvEz32R4jKhlmY10j1jMifK7PEsni89o1YpY1ZjkzJpnlRKpmWj0rei2s8K6vGBGhRoQZEQ2uGtu6ikoqtqSSdHQV3Z/vFB1ytrNjG2dW7imzz3WmmbepsR3e7Eh5DinPVMyDKkx5IdosyJhrwQR5iBhdxnisNUVb44rz7LvNSd6j+JIqnf9uu ihsPZkpFWdKb58WZufSb6oxukv3cO6V6BnN0mtaRQXv4Cz8RJ/pS+5r7lvuR+5nYnppJMXcoa5f7tcfC0DQ1Q==</latexit><latexit sha1_base64="9ujVTeX8fP4WFq3h6yLQ2FULi2E=">AAAOLnicrVfNbtNAEJ7yU9pCoIUjl4gICQStEoQEx1JaSqWilv5LbY T8s02sOnbwOmlLmieAKzwHT4PEAXHlITjw7djZNm2SdYBYzs6O55tvdmfXO7brvifjYvH7yKXLV66OXhsbn7h+I3fz1uTU7S0ZNiJHbDqhH0Y7tiWF7wViM/ZiX+zUI2HVbF9s2wcv1fPtpoikFwYb8XFdlGtWJfD2PceKoVqbLr2bLBRnivzLXxRKqVCg9LcaTo1+pD1yKSSHGlQj QQHFkH2ySOLapRIVqQ5dmVrQRZA8fi6oTRPANmAlYGFBe4D/Cnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF2lL0OLPasIj9Ha8DjOHt9AH1MVFiZkLbXsxJIFaSNCC30By8Gjj2mfnvOoPYyjzho1H47mm8eTCLoDfpKnBbaswIfN/SZmKkC7iUhVNjoe8jwzLlqLW8 FegtSjii5Cq7Kk4pnA1T26ZNzq6TTNob+Pu8r5VOMJ0B5ypmpsqRhaPM4AkavVUOa+YpTQRtpjlfWPcXf6EaQWFYBp86X8J7H25mhC72RisXkluTr7qneeqR+Lz+vPzOHz3MT0ALOnPOc5eg8ZqkL7MBOPpPdDce325CobuWI6ysSjVtAR/ofJyhrvdLPv7qwnqPwQ8zgohiX0ho8h QQ0TQz/+F1hjcqhMnvRkOjEyrfMeqP7FaKVG/o8Rb2TcJd0xbKTv9n/nd2HZhvTIYFfhN7LLtnt83tj8thyMiqCJL2DyvEO89MQyr0oXts2eXhw+UeNMPto95tE1zk9dI+v6VLbAPxi11JPNM7It9MQJI85CdO1U8iFXjZmxdV5sPmVN9hXe44lkpc8GIxY1YjEjwuV5TSQB2RzVvE bMZ0SoGkKmmET2uFYKDLhmF7LJa2EYvEz32R4jKhlmY10j1jMifK7PEsni89o1YpY1ZjkzJpnlRKpmWj0rei2s8K6vGBGhRoQZEQ2uGtu6ikoqtqSSdHQV3Z/vFB1ytrNjG2dW7imzz3WmmbepsR3e7Eh5DinPVMyDKkx5IdosyJhrwQR5iBhdxnisNUVb44rz7LvNSd6j+JIqnf9uu ihsPZkpFWdKb58WZufSb6oxukv3cO6V6BnN0mtaRQXv4Cz8RJ/pS+5r7lvuR+5nYnppJMXcoa5f7tcfC0DQ1Q==</latexit>
0
<latexit sha1_base64="8ZLMuxniWq4rmEWeUEMpVsCIJCw=">AAAOLXicrVfdThNBFD6gIqBV0EtvGhsTjUpaY6KXiCCSYAD5TYCY/RnaDd vdurstYOkTcKvP4dN4YWK89SW88Juz24HSn5mq3WznzNnzne/MnJmds3bN9+KkWPw+Mnrl6rWx6+MTkzdu5m7dnpq+sxWH9cgRm07oh9GObcXC9wKxmXiJL3ZqkbCqti+27cPX8vl2Q0SxFwYbyUlN7FetcuAdeI6VQLVW/DBVKM4U+ZfvFkqZUKDstxpOj53RHrkUkkN1qpKggBLIPlkU49qlE hWpBt0+NaGLIHn8XFCLJoGtw0rAwoL2EP9l9HYzbYC+9Bkz2gGLjzsCMk8PcL9hjzasJauAHKP9jfsT68p9GZrsWUZ4gtaGxwn2+A76hCqw0CGrmWU7FhOkjQgt9AUsB48+oQN6yaP2MI4aa+R8OIpvHk8i6A75SZ4W2LIMHzb3G5ipAO0mIpXZaHvI88y4aC1uBXsJMo8yugitzJKMZxJX5+j SccunT2kO/QPcFc6nHE+A9ogzVWVLydDkcQaIXK6Gfe5LxhjaSHmssP4J7nY/gtSkAjAtvqT/NNbeHA3oHSMWm1eSq7Ive5eZ+rH4vP70HD7PTUIPMXvSc56j95ChCrSPjHhi+jgU125Prn0tV0LHRjxyBR3jf5isvOedrvfdmfUUlR9iHgfFsITe8DGkqGFi6Mf/CmssHiqTpz2ZTrVM67wHKn 8x2lgh/8eINwx3SWcMG9m7/d/5XVi2ID3W2JX5jeyy7R6fNza/LQejImiSLkyed4iXnVj6VenCttHTi8MnamLko9VjHl3t/NQUsqZOZQv8g1FLPdk8LdtCT5zQ4ixE18okH3JFmxlb5cXmU1ZnX+Y9nkpW9mwwYlEhFg0RLs9rKgnI+qjmFWLeECFriDjDpLLHtVKgwTU6kA1eC8Pg42yf7TGib DAb6wqxbojwuT5LJYvPa1eLWVaYZWNMOsupVDFaPStqLazwri9rEaFChIaIOleNLVVFpRVbWkk6qoruz3eODjnb5tj6hZV7zuxznannbShsm9ccGV9Cxhcq5kEVZtwVrQky4VowRR4hRpcxHmt10Va54rz4bnPS9yi+pEqXv5u6ha1nM6XiTGnteWF2LvumGqd7dB/nXole0Cy9pVVU8DJXZ/S ZvuS+5r7lfuR+pqajIxnmLnX8cr/+AF+f0J0=</latexit><latexit sha1_base64="8ZLMuxniWq4rmEWeUEMpVsCIJCw=">AAAOLXicrVfdThNBFD6gIqBV0EtvGhsTjUpaY6KXiCCSYAD5TYCY/RnaDd vdurstYOkTcKvP4dN4YWK89SW88Juz24HSn5mq3WznzNnzne/MnJmds3bN9+KkWPw+Mnrl6rWx6+MTkzdu5m7dnpq+sxWH9cgRm07oh9GObcXC9wKxmXiJL3ZqkbCqti+27cPX8vl2Q0SxFwYbyUlN7FetcuAdeI6VQLVW/DBVKM4U+ZfvFkqZUKDstxpOj53RHrkUkkN1qpKggBLIPlkU49qlE hWpBt0+NaGLIHn8XFCLJoGtw0rAwoL2EP9l9HYzbYC+9Bkz2gGLjzsCMk8PcL9hjzasJauAHKP9jfsT68p9GZrsWUZ4gtaGxwn2+A76hCqw0CGrmWU7FhOkjQgt9AUsB48+oQN6yaP2MI4aa+R8OIpvHk8i6A75SZ4W2LIMHzb3G5ipAO0mIpXZaHvI88y4aC1uBXsJMo8yugitzJKMZxJX5+j SccunT2kO/QPcFc6nHE+A9ogzVWVLydDkcQaIXK6Gfe5LxhjaSHmssP4J7nY/gtSkAjAtvqT/NNbeHA3oHSMWm1eSq7Ive5eZ+rH4vP70HD7PTUIPMXvSc56j95ChCrSPjHhi+jgU125Prn0tV0LHRjxyBR3jf5isvOedrvfdmfUUlR9iHgfFsITe8DGkqGFi6Mf/CmssHiqTpz2ZTrVM67wHKn 8x2lgh/8eINwx3SWcMG9m7/d/5XVi2ID3W2JX5jeyy7R6fNza/LQejImiSLkyed4iXnVj6VenCttHTi8MnamLko9VjHl3t/NQUsqZOZQv8g1FLPdk8LdtCT5zQ4ixE18okH3JFmxlb5cXmU1ZnX+Y9nkpW9mwwYlEhFg0RLs9rKgnI+qjmFWLeECFriDjDpLLHtVKgwTU6kA1eC8Pg42yf7TGib DAb6wqxbojwuT5LJYvPa1eLWVaYZWNMOsupVDFaPStqLazwri9rEaFChIaIOleNLVVFpRVbWkk6qoruz3eODjnb5tj6hZV7zuxznannbShsm9ccGV9Cxhcq5kEVZtwVrQky4VowRR4hRpcxHmt10Va54rz4bnPS9yi+pEqXv5u6ha1nM6XiTGnteWF2LvumGqd7dB/nXole0Cy9pVVU8DJXZ/S ZvuS+5r7lfuR+pqajIxnmLnX8cr/+AF+f0J0=</latexit><latexit sha1_base64="8ZLMuxniWq4rmEWeUEMpVsCIJCw=">AAAOLXicrVfdThNBFD6gIqBV0EtvGhsTjUpaY6KXiCCSYAD5TYCY/RnaDd vdurstYOkTcKvP4dN4YWK89SW88Juz24HSn5mq3WznzNnzne/MnJmds3bN9+KkWPw+Mnrl6rWx6+MTkzdu5m7dnpq+sxWH9cgRm07oh9GObcXC9wKxmXiJL3ZqkbCqti+27cPX8vl2Q0SxFwYbyUlN7FetcuAdeI6VQLVW/DBVKM4U+ZfvFkqZUKDstxpOj53RHrkUkkN1qpKggBLIPlkU49qlE hWpBt0+NaGLIHn8XFCLJoGtw0rAwoL2EP9l9HYzbYC+9Bkz2gGLjzsCMk8PcL9hjzasJauAHKP9jfsT68p9GZrsWUZ4gtaGxwn2+A76hCqw0CGrmWU7FhOkjQgt9AUsB48+oQN6yaP2MI4aa+R8OIpvHk8i6A75SZ4W2LIMHzb3G5ipAO0mIpXZaHvI88y4aC1uBXsJMo8yugitzJKMZxJX5+j SccunT2kO/QPcFc6nHE+A9ogzVWVLydDkcQaIXK6Gfe5LxhjaSHmssP4J7nY/gtSkAjAtvqT/NNbeHA3oHSMWm1eSq7Ive5eZ+rH4vP70HD7PTUIPMXvSc56j95ChCrSPjHhi+jgU125Prn0tV0LHRjxyBR3jf5isvOedrvfdmfUUlR9iHgfFsITe8DGkqGFi6Mf/CmssHiqTpz2ZTrVM67wHKn 8x2lgh/8eINwx3SWcMG9m7/d/5XVi2ID3W2JX5jeyy7R6fNza/LQejImiSLkyed4iXnVj6VenCttHTi8MnamLko9VjHl3t/NQUsqZOZQv8g1FLPdk8LdtCT5zQ4ixE18okH3JFmxlb5cXmU1ZnX+Y9nkpW9mwwYlEhFg0RLs9rKgnI+qjmFWLeECFriDjDpLLHtVKgwTU6kA1eC8Pg42yf7TGib DAb6wqxbojwuT5LJYvPa1eLWVaYZWNMOsupVDFaPStqLazwri9rEaFChIaIOleNLVVFpRVbWkk6qoruz3eODjnb5tj6hZV7zuxznannbShsm9ccGV9Cxhcq5kEVZtwVrQky4VowRR4hRpcxHmt10Va54rz4bnPS9yi+pEqXv5u6ha1nM6XiTGnteWF2LvumGqd7dB/nXole0Cy9pVVU8DJXZ/S ZvuS+5r7lfuR+pqajIxnmLnX8cr/+AF+f0J0=</latexit><latexit sha1_base64="8ZLMuxniWq4rmEWeUEMpVsCIJCw=">AAAOLXicrVfdThNBFD6gIqBV0EtvGhsTjUpaY6KXiCCSYAD5TYCY/RnaDd vdurstYOkTcKvP4dN4YWK89SW88Juz24HSn5mq3WznzNnzne/MnJmds3bN9+KkWPw+Mnrl6rWx6+MTkzdu5m7dnpq+sxWH9cgRm07oh9GObcXC9wKxmXiJL3ZqkbCqti+27cPX8vl2Q0SxFwYbyUlN7FetcuAdeI6VQLVW/DBVKM4U+ZfvFkqZUKDstxpOj53RHrkUkkN1qpKggBLIPlkU49qlE hWpBt0+NaGLIHn8XFCLJoGtw0rAwoL2EP9l9HYzbYC+9Bkz2gGLjzsCMk8PcL9hjzasJauAHKP9jfsT68p9GZrsWUZ4gtaGxwn2+A76hCqw0CGrmWU7FhOkjQgt9AUsB48+oQN6yaP2MI4aa+R8OIpvHk8i6A75SZ4W2LIMHzb3G5ipAO0mIpXZaHvI88y4aC1uBXsJMo8yugitzJKMZxJX5+j SccunT2kO/QPcFc6nHE+A9ogzVWVLydDkcQaIXK6Gfe5LxhjaSHmssP4J7nY/gtSkAjAtvqT/NNbeHA3oHSMWm1eSq7Ive5eZ+rH4vP70HD7PTUIPMXvSc56j95ChCrSPjHhi+jgU125Prn0tV0LHRjxyBR3jf5isvOedrvfdmfUUlR9iHgfFsITe8DGkqGFi6Mf/CmssHiqTpz2ZTrVM67wHKn 8x2lgh/8eINwx3SWcMG9m7/d/5XVi2ID3W2JX5jeyy7R6fNza/LQejImiSLkyed4iXnVj6VenCttHTi8MnamLko9VjHl3t/NQUsqZOZQv8g1FLPdk8LdtCT5zQ4ixE18okH3JFmxlb5cXmU1ZnX+Y9nkpW9mwwYlEhFg0RLs9rKgnI+qjmFWLeECFriDjDpLLHtVKgwTU6kA1eC8Pg42yf7TGib DAb6wqxbojwuT5LJYvPa1eLWVaYZWNMOsupVDFaPStqLazwri9rEaFChIaIOleNLVVFpRVbWkk6qoruz3eODjnb5tj6hZV7zuxznannbShsm9ccGV9Cxhcq5kEVZtwVrQky4VowRR4hRpcxHmt10Va54rz4bnPS9yi+pEqXv5u6ha1nM6XiTGnteWF2LvumGqd7dB/nXole0Cy9pVVU8DJXZ/S ZvuS+5r7lfuR+pqajIxnmLnX8cr/+AF+f0J0=</latexit>
Q1
<latexit sha1_base64="k5ef9iE4TnXWZNVk43xMldCGmIk=">AAAONHicrVdLb9NAEJ6WV1sItHDkEhEhgYAqQUhw LKWlVCpqS59SE1V+1bHq2MF20pY0v4AbV/gd/Bckbogrv4AD346dbdM8dgPEcnZ2PN98szu73rFZ9704KRa/jY1funzl6rWJyanrN3I3b03P3N6Ow0ZkOVtW6IfRrmnEju8FzlbiJb6zW48co2b6zo55+Eo832k6UeyFwWZyUncqNcMNvAPPMhKo dss1q7Xe3i/tTxeKs0X+5XuFUiYUKPuthTNXP1KZbArJogbVyKGAEsg+GRTj2qMSFakOXYVa0EWQPH7uUJumgG3AyoGFAe0h/l309jJtgL7wGTPaAouPOwIyT/dxv2aPJqwFqwM5Rvsb9wfWuQMZWuxZRHiC1oTHSfb4FvqEqrBQIWuZZScWHaS JCA30HVgOH31CB/SCR+1hHHXWiPmwJN8CnkTQHfKTPC2ypQsfJvebmKkA7RYiFdnoeMjzzNhoDW4d9hJkHkV0EVqRJRHPFK7u0aXjFk+f0Dz6B7irnE8xngDtEWeqxpaCocXjDBC5WA0V7gvGGNpIeqyy/jHuTj+C1KICMG2+hP801v4cTegtLR aTV5Itsy96F5kGsfi8/tQcPs9NQg8we8JznqP3kKEqtA+1eGJ6PxLXXl+uipIroWMtHrGCjvE/Slbe8U5X++7OeorKjzCPw2JYRm/0GFLUKDEM4n+JNRaPlMnTvkynSqYN3gPVvxhtLJH/Y8SbmrukO4bN7N3+7/w2LNuQHinsXH4j22xb5vPG5L flcFQETdKDyfMO8bITS70qbdg2+3qx+ERNtHy0+8yjrZyfukTW5alsgH84arkvm6dkW+yLc5Q4A9G1M8mHXFVmxpR5MfmUVdm7vMdTycieDUcsScSSJsLmeU0lB7I6qgWJWNBEiBoizjCp7HGtFChwzS5kk9fCKPg422dlRrgas7EhERuaCJ/rs 1Qy+Ly2lZgViVnRxqSznEpVrdWzKtfCKu96V4kIJSLURDS4amzLKiqt2NJK0pJV9GC+M3TI2dbHNs6t3DNmn+tMNW9TYju8+sj4AjI+VzEPqzDjnmh1kAnXginyCDHajPFYq4q2xhXn+Xeblb5H8SVVuvjd1CtsP50tFWdL688Kc/PZN9UE3aV7 OPdK9Jzm6A2toYIX30uf6DN9yX3Nfc/9yP1MTcfHMswd6vrlfv0Bz7bTuA==</latexit><latexit sha1_base64="k5ef9iE4TnXWZNVk43xMldCGmIk=">AAAONHicrVdLb9NAEJ6WV1sItHDkEhEhgYAqQUhw LKWlVCpqS59SE1V+1bHq2MF20pY0v4AbV/gd/Bckbogrv4AD346dbdM8dgPEcnZ2PN98szu73rFZ9704KRa/jY1funzl6rWJyanrN3I3b03P3N6Ow0ZkOVtW6IfRrmnEju8FzlbiJb6zW48co2b6zo55+Eo832k6UeyFwWZyUncqNcMNvAPPMhKo dss1q7Xe3i/tTxeKs0X+5XuFUiYUKPuthTNXP1KZbArJogbVyKGAEsg+GRTj2qMSFakOXYVa0EWQPH7uUJumgG3AyoGFAe0h/l309jJtgL7wGTPaAouPOwIyT/dxv2aPJqwFqwM5Rvsb9wfWuQMZWuxZRHiC1oTHSfb4FvqEqrBQIWuZZScWHaS JCA30HVgOH31CB/SCR+1hHHXWiPmwJN8CnkTQHfKTPC2ypQsfJvebmKkA7RYiFdnoeMjzzNhoDW4d9hJkHkV0EVqRJRHPFK7u0aXjFk+f0Dz6B7irnE8xngDtEWeqxpaCocXjDBC5WA0V7gvGGNpIeqyy/jHuTj+C1KICMG2+hP801v4cTegtLR aTV5Itsy96F5kGsfi8/tQcPs9NQg8we8JznqP3kKEqtA+1eGJ6PxLXXl+uipIroWMtHrGCjvE/Slbe8U5X++7OeorKjzCPw2JYRm/0GFLUKDEM4n+JNRaPlMnTvkynSqYN3gPVvxhtLJH/Y8SbmrukO4bN7N3+7/w2LNuQHinsXH4j22xb5vPG5L flcFQETdKDyfMO8bITS70qbdg2+3qx+ERNtHy0+8yjrZyfukTW5alsgH84arkvm6dkW+yLc5Q4A9G1M8mHXFVmxpR5MfmUVdm7vMdTycieDUcsScSSJsLmeU0lB7I6qgWJWNBEiBoizjCp7HGtFChwzS5kk9fCKPg422dlRrgas7EhERuaCJ/rs 1Qy+Ly2lZgViVnRxqSznEpVrdWzKtfCKu96V4kIJSLURDS4amzLKiqt2NJK0pJV9GC+M3TI2dbHNs6t3DNmn+tMNW9TYju8+sj4AjI+VzEPqzDjnmh1kAnXginyCDHajPFYq4q2xhXn+Xeblb5H8SVVuvjd1CtsP50tFWdL688Kc/PZN9UE3aV7 OPdK9Jzm6A2toYIX30uf6DN9yX3Nfc/9yP1MTcfHMswd6vrlfv0Bz7bTuA==</latexit><latexit sha1_base64="k5ef9iE4TnXWZNVk43xMldCGmIk=">AAAONHicrVdLb9NAEJ6WV1sItHDkEhEhgYAqQUhw LKWlVCpqS59SE1V+1bHq2MF20pY0v4AbV/gd/Bckbogrv4AD346dbdM8dgPEcnZ2PN98szu73rFZ9704KRa/jY1funzl6rWJyanrN3I3b03P3N6Ow0ZkOVtW6IfRrmnEju8FzlbiJb6zW48co2b6zo55+Eo832k6UeyFwWZyUncqNcMNvAPPMhKo dss1q7Xe3i/tTxeKs0X+5XuFUiYUKPuthTNXP1KZbArJogbVyKGAEsg+GRTj2qMSFakOXYVa0EWQPH7uUJumgG3AyoGFAe0h/l309jJtgL7wGTPaAouPOwIyT/dxv2aPJqwFqwM5Rvsb9wfWuQMZWuxZRHiC1oTHSfb4FvqEqrBQIWuZZScWHaS JCA30HVgOH31CB/SCR+1hHHXWiPmwJN8CnkTQHfKTPC2ypQsfJvebmKkA7RYiFdnoeMjzzNhoDW4d9hJkHkV0EVqRJRHPFK7u0aXjFk+f0Dz6B7irnE8xngDtEWeqxpaCocXjDBC5WA0V7gvGGNpIeqyy/jHuTj+C1KICMG2+hP801v4cTegtLR aTV5Itsy96F5kGsfi8/tQcPs9NQg8we8JznqP3kKEqtA+1eGJ6PxLXXl+uipIroWMtHrGCjvE/Slbe8U5X++7OeorKjzCPw2JYRm/0GFLUKDEM4n+JNRaPlMnTvkynSqYN3gPVvxhtLJH/Y8SbmrukO4bN7N3+7/w2LNuQHinsXH4j22xb5vPG5L flcFQETdKDyfMO8bITS70qbdg2+3qx+ERNtHy0+8yjrZyfukTW5alsgH84arkvm6dkW+yLc5Q4A9G1M8mHXFVmxpR5MfmUVdm7vMdTycieDUcsScSSJsLmeU0lB7I6qgWJWNBEiBoizjCp7HGtFChwzS5kk9fCKPg422dlRrgas7EhERuaCJ/rs 1Qy+Ly2lZgViVnRxqSznEpVrdWzKtfCKu96V4kIJSLURDS4amzLKiqt2NJK0pJV9GC+M3TI2dbHNs6t3DNmn+tMNW9TYju8+sj4AjI+VzEPqzDjnmh1kAnXginyCDHajPFYq4q2xhXn+Xeblb5H8SVVuvjd1CtsP50tFWdL688Kc/PZN9UE3aV7 OPdK9Jzm6A2toYIX30uf6DN9yX3Nfc/9yP1MTcfHMswd6vrlfv0Bz7bTuA==</latexit><latexit sha1_base64="k5ef9iE4TnXWZNVk43xMldCGmIk=">AAAONHicrVdLb9NAEJ6WV1sItHDkEhEhgYAqQUhw LKWlVCpqS59SE1V+1bHq2MF20pY0v4AbV/gd/Bckbogrv4AD346dbdM8dgPEcnZ2PN98szu73rFZ9704KRa/jY1funzl6rWJyanrN3I3b03P3N6Ow0ZkOVtW6IfRrmnEju8FzlbiJb6zW48co2b6zo55+Eo832k6UeyFwWZyUncqNcMNvAPPMhKo dss1q7Xe3i/tTxeKs0X+5XuFUiYUKPuthTNXP1KZbArJogbVyKGAEsg+GRTj2qMSFakOXYVa0EWQPH7uUJumgG3AyoGFAe0h/l309jJtgL7wGTPaAouPOwIyT/dxv2aPJqwFqwM5Rvsb9wfWuQMZWuxZRHiC1oTHSfb4FvqEqrBQIWuZZScWHaS JCA30HVgOH31CB/SCR+1hHHXWiPmwJN8CnkTQHfKTPC2ypQsfJvebmKkA7RYiFdnoeMjzzNhoDW4d9hJkHkV0EVqRJRHPFK7u0aXjFk+f0Dz6B7irnE8xngDtEWeqxpaCocXjDBC5WA0V7gvGGNpIeqyy/jHuTj+C1KICMG2+hP801v4cTegtLR aTV5Itsy96F5kGsfi8/tQcPs9NQg8we8JznqP3kKEqtA+1eGJ6PxLXXl+uipIroWMtHrGCjvE/Slbe8U5X++7OeorKjzCPw2JYRm/0GFLUKDEM4n+JNRaPlMnTvkynSqYN3gPVvxhtLJH/Y8SbmrukO4bN7N3+7/w2LNuQHinsXH4j22xb5vPG5L flcFQETdKDyfMO8bITS70qbdg2+3qx+ERNtHy0+8yjrZyfukTW5alsgH84arkvm6dkW+yLc5Q4A9G1M8mHXFVmxpR5MfmUVdm7vMdTycieDUcsScSSJsLmeU0lB7I6qgWJWNBEiBoizjCp7HGtFChwzS5kk9fCKPg422dlRrgas7EhERuaCJ/rs 1Qy+Ly2lZgViVnRxqSznEpVrdWzKtfCKu96V4kIJSLURDS4amzLKiqt2NJK0pJV9GC+M3TI2dbHNs6t3DNmn+tMNW9TYju8+sj4AjI+VzEPqzDjnmh1kAnXginyCDHajPFYq4q2xhXn+Xeblb5H8SVVuvjd1CtsP50tFWdL688Kc/PZN9UE3aV7 OPdK9Jzm6A2toYIX30uf6DN9yX3Nfc/9yP1MTcfHMswd6vrlfv0Bz7bTuA==</latexit> +1
<latexit sha1_base64="8Qszs2DXhJx+oO8Zj6dMgyIh0YU=">AAAOLnicrVfbbtNAEJ1yKW0h0MIjLxEREqhQJQgJHktpKZWKWn qX2gr5sk2sOnbwOmlLmi+AV/gOvgaJB8QrH8EDZ8eO2zSX3QCxnJ0dz5kzu7PrHds135Nxsfh95NLlK1dHr42NT1y/kbt5a3Lq9pYM65EjNp3QD6Md25LC9wKxGXuxL3ZqkbCqti+27cOX6vl2Q0TSC4ON+KQm9qtWOfAOPMeKoVqbLr2bLBRnivzLdwulVChQ+lsNp0Y/ 0h65FJJDdaqSoIBiyD5ZJHHtUomKVINun5rQRZA8fi6oRRPA1mElYGFBe4j/Mnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF25L0OTPasIT9Da8DjOHt9AH1MFFjpkNbVsx2KCtBGhhb6A5eDRx3RAz3nUHsZRY42aDyfjm8eTCLpDfpKnBbYsw4fN/QZmKkC 7iUhVNtoe8jwzLlqLW8FegtSjii5Cq7Kk4pnA1Tm6ZNzq6WOaQ/8Ad4XzqcYToD3iTFXZUjE0eZwBIlerYZ/7ilFCG2UeK6x/hLvdjyA1qQBMiy/lP4m1N0cDeseIxeaV5GbZV72LTP1YfF5/eg6f5yamB5g95TnP0XvIUAXah0Y8kt4PxbXbk2tfyxXTsRGPWkHH+B8mK2 u80/W+O7OeoPJDzOOgGJbQGz6GBDVMDP34X2CNyaEyedqT6VTLtM57oPIXo5UZ8n+MeMNwl3TGsJG+2/+d34VlC9K0xq7Mb2SXbff4vLH5bTkYFUETd2HyvEO89MTSr0oXto2eXhw+UWMjH60e8+hq56eWIWvZqWyBfzBqqSebp2Vb6IkTWpyF6Fqp5EOuaDNjZ3mx+ZTV 2Zd5jyeSlT4bjFjMEIuGCJfnNZEEZH1U8xli3hChagiZYhLZ41op0OAaHcgGr4Vh8DLdZ3uMKBvMxnqGWDdE+FyfJZLF57WrxSxnmGVjTDLLiVQxWj0r2VpY4V1f1iLCDBEaIupcNbayKiqp2JJK0smq6P58Z+iQs22OrZ9buWfMPteZet5Ghm3zmiPlBaQ8VzEPqjBlV7Q myJhrwQR5hBhdxnis1UVb5Yrz/LvNSd6j+JIqXfxu6ha2nsyUijOlt08Ls3PpN9UY3aV7OPdK9Ixm6TWtooJ3cBZ+os/0Jfc19y33I/czMb00kmLuUMcv9+sP753Q0w==</latexit><latexit sha1_base64="8Qszs2DXhJx+oO8Zj6dMgyIh0YU=">AAAOLnicrVfbbtNAEJ1yKW0h0MIjLxEREqhQJQgJHktpKZWKWn qX2gr5sk2sOnbwOmlLmi+AV/gOvgaJB8QrH8EDZ8eO2zSX3QCxnJ0dz5kzu7PrHds135Nxsfh95NLlK1dHr42NT1y/kbt5a3Lq9pYM65EjNp3QD6Md25LC9wKxGXuxL3ZqkbCqti+27cOX6vl2Q0TSC4ON+KQm9qtWOfAOPMeKoVqbLr2bLBRnivzLdwulVChQ+lsNp0Y/ 0h65FJJDdaqSoIBiyD5ZJHHtUomKVINun5rQRZA8fi6oRRPA1mElYGFBe4j/Mnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF25L0OTPasIT9Da8DjOHt9AH1MFFjpkNbVsx2KCtBGhhb6A5eDRx3RAz3nUHsZRY42aDyfjm8eTCLpDfpKnBbYsw4fN/QZmKkC 7iUhVNtoe8jwzLlqLW8FegtSjii5Cq7Kk4pnA1Tm6ZNzq6WOaQ/8Ad4XzqcYToD3iTFXZUjE0eZwBIlerYZ/7ilFCG2UeK6x/hLvdjyA1qQBMiy/lP4m1N0cDeseIxeaV5GbZV72LTP1YfF5/eg6f5yamB5g95TnP0XvIUAXah0Y8kt4PxbXbk2tfyxXTsRGPWkHH+B8mK2 u80/W+O7OeoPJDzOOgGJbQGz6GBDVMDP34X2CNyaEyedqT6VTLtM57oPIXo5UZ8n+MeMNwl3TGsJG+2/+d34VlC9K0xq7Mb2SXbff4vLH5bTkYFUETd2HyvEO89MTSr0oXto2eXhw+UWMjH60e8+hq56eWIWvZqWyBfzBqqSebp2Vb6IkTWpyF6Fqp5EOuaDNjZ3mx+ZTV 2Zd5jyeSlT4bjFjMEIuGCJfnNZEEZH1U8xli3hChagiZYhLZ41op0OAaHcgGr4Vh8DLdZ3uMKBvMxnqGWDdE+FyfJZLF57WrxSxnmGVjTDLLiVQxWj0r2VpY4V1f1iLCDBEaIupcNbayKiqp2JJK0smq6P58Z+iQs22OrZ9buWfMPteZet5Ghm3zmiPlBaQ8VzEPqjBlV7Q myJhrwQR5hBhdxnis1UVb5Yrz/LvNSd6j+JIqXfxu6ha2nsyUijOlt08Ls3PpN9UY3aV7OPdK9Ixm6TWtooJ3cBZ+os/0Jfc19y33I/czMb00kmLuUMcv9+sP753Q0w==</latexit><latexit sha1_base64="8Qszs2DXhJx+oO8Zj6dMgyIh0YU=">AAAOLnicrVfbbtNAEJ1yKW0h0MIjLxEREqhQJQgJHktpKZWKWn qX2gr5sk2sOnbwOmlLmi+AV/gOvgaJB8QrH8EDZ8eO2zSX3QCxnJ0dz5kzu7PrHds135Nxsfh95NLlK1dHr42NT1y/kbt5a3Lq9pYM65EjNp3QD6Md25LC9wKxGXuxL3ZqkbCqti+27cOX6vl2Q0TSC4ON+KQm9qtWOfAOPMeKoVqbLr2bLBRnivzLdwulVChQ+lsNp0Y/ 0h65FJJDdaqSoIBiyD5ZJHHtUomKVINun5rQRZA8fi6oRRPA1mElYGFBe4j/Mnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF25L0OTPasIT9Da8DjOHt9AH1MFFjpkNbVsx2KCtBGhhb6A5eDRx3RAz3nUHsZRY42aDyfjm8eTCLpDfpKnBbYsw4fN/QZmKkC 7iUhVNtoe8jwzLlqLW8FegtSjii5Cq7Kk4pnA1Tm6ZNzq6WOaQ/8Ad4XzqcYToD3iTFXZUjE0eZwBIlerYZ/7ilFCG2UeK6x/hLvdjyA1qQBMiy/lP4m1N0cDeseIxeaV5GbZV72LTP1YfF5/eg6f5yamB5g95TnP0XvIUAXah0Y8kt4PxbXbk2tfyxXTsRGPWkHH+B8mK2 u80/W+O7OeoPJDzOOgGJbQGz6GBDVMDP34X2CNyaEyedqT6VTLtM57oPIXo5UZ8n+MeMNwl3TGsJG+2/+d34VlC9K0xq7Mb2SXbff4vLH5bTkYFUETd2HyvEO89MTSr0oXto2eXhw+UWMjH60e8+hq56eWIWvZqWyBfzBqqSebp2Vb6IkTWpyF6Fqp5EOuaDNjZ3mx+ZTV 2Zd5jyeSlT4bjFjMEIuGCJfnNZEEZH1U8xli3hChagiZYhLZ41op0OAaHcgGr4Vh8DLdZ3uMKBvMxnqGWDdE+FyfJZLF57WrxSxnmGVjTDLLiVQxWj0r2VpY4V1f1iLCDBEaIupcNbayKiqp2JJK0smq6P58Z+iQs22OrZ9buWfMPteZet5Ghm3zmiPlBaQ8VzEPqjBlV7Q myJhrwQR5hBhdxnis1UVb5Yrz/LvNSd6j+JIqXfxu6ha2nsyUijOlt08Ls3PpN9UY3aV7OPdK9Ixm6TWtooJ3cBZ+os/0Jfc19y33I/czMb00kmLuUMcv9+sP753Q0w==</latexit><latexit sha1_base64="8Qszs2DXhJx+oO8Zj6dMgyIh0YU=">AAAOLnicrVfbbtNAEJ1yKW0h0MIjLxEREqhQJQgJHktpKZWKWn qX2gr5sk2sOnbwOmlLmi+AV/gOvgaJB8QrH8EDZ8eO2zSX3QCxnJ0dz5kzu7PrHds135Nxsfh95NLlK1dHr42NT1y/kbt5a3Lq9pYM65EjNp3QD6Md25LC9wKxGXuxL3ZqkbCqti+27cOX6vl2Q0TSC4ON+KQm9qtWOfAOPMeKoVqbLr2bLBRnivzLdwulVChQ+lsNp0Y/ 0h65FJJDdaqSoIBiyD5ZJHHtUomKVINun5rQRZA8fi6oRRPA1mElYGFBe4j/Mnq7qTZAX/mUjHbA4uOOgMzTfdyv2KMNa8UqIEu0v3F/YF25L0OTPasIT9Da8DjOHt9AH1MFFjpkNbVsx2KCtBGhhb6A5eDRx3RAz3nUHsZRY42aDyfjm8eTCLpDfpKnBbYsw4fN/QZmKkC 7iUhVNtoe8jwzLlqLW8FegtSjii5Cq7Kk4pnA1Tm6ZNzq6WOaQ/8Ad4XzqcYToD3iTFXZUjE0eZwBIlerYZ/7ilFCG2UeK6x/hLvdjyA1qQBMiy/lP4m1N0cDeseIxeaV5GbZV72LTP1YfF5/eg6f5yamB5g95TnP0XvIUAXah0Y8kt4PxbXbk2tfyxXTsRGPWkHH+B8mK2 u80/W+O7OeoPJDzOOgGJbQGz6GBDVMDP34X2CNyaEyedqT6VTLtM57oPIXo5UZ8n+MeMNwl3TGsJG+2/+d34VlC9K0xq7Mb2SXbff4vLH5bTkYFUETd2HyvEO89MTSr0oXto2eXhw+UWMjH60e8+hq56eWIWvZqWyBfzBqqSebp2Vb6IkTWpyF6Fqp5EOuaDNjZ3mx+ZTV 2Zd5jyeSlT4bjFjMEIuGCJfnNZEEZH1U8xli3hChagiZYhLZ41op0OAaHcgGr4Vh8DLdZ3uMKBvMxnqGWDdE+FyfJZLF57WrxSxnmGVjTDLLiVQxWj0r2VpY4V1f1iLCDBEaIupcNbayKiqp2JJK0smq6P58Z+iQs22OrZ9buWfMPteZet5Ghm3zmiPlBaQ8VzEPqjBlV7Q myJhrwQR5hBhdxnis1UVb5Yrz/LvNSd6j+JIqXfxu6ha2nsyUijOlt08Ls3PpN9UY3aV7OPdK9Ixm6TWtooJ3cBZ+os/0Jfc19y33I/czMb00kmLuUMcv9+sP753Q0w==</latexit>
Figure 7: Device efficiency Q1 (color density) calculated at
contact 1 as a function of the deformation width r0 and height
h0. Highly efficient valley polarization of the electrons is ob-
served for a broad set of parameters. The optimal deformation
heights (h0 ∼ 0.2r0) correspond to a maximal strain of 0.9%.
the current deflection increases with the deformation
strength. Additionally, we calculate the valley polariza-
tion Pi in the gray shaded regions and the transmission
TiS between the source at the left and the three con-
tacts at the right (see the thick black bars at the edges of
Fig. 5). This allows us to calculate the device efficiency
Qi. These quantities are shown as a function of the de-
formation size in Fig. 6. Note that for symmetry reasons
P1 = −P2.
In the regions S and 0 the electrons are unpolarized
PS/0 ≈ 0 and their polarization is independent of the
deformation. In the regions 1 and 2 highly polarized
electrons P1/2 ≈ ±1 are obtained for r0 > 0.4Lx but,
surprisingly, also in an almost flat system. This behavior
can be explained by the fact that the polarization is a
relative measure and does not assess how many electrons
take part in the flow. In fact, Fig. 2 confirms that in a
flat nanoribbon only very few electrons are transfered to
the right corners. Their polarization may stem from the
trigonal warping of the Dirac cones, see Section III C for
the discussion. Moreover, for r0 = 0.09Lx we can observe
that the sign of the polarization in the regions 1 and 2
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Figure 8: Device efficiency as a function of the position xc of a
deformation with width r0 = 0.55Lx and height h0 = 0.22r0.
The efficiency approaches its maximum for xc ≈ 0.6. For
xc = 0 the sign of the polarization is reversed because the
electrons are injected into the center of the deformation and
deflected differently by the pseudo-magnetic field (compare
the solid black and blue trajectories in the local current flow).
is inverted. This behavior may originate from reflections
at the ribbon edges as the deformation is not sufficiently
strong to deflect a substantial part of the current, see
Fig. 5.
Fig. 6 (middle) shows that the transmissions T1S and
T2S increase with the deformation while T0S decreases.
This quantifies our observation from Fig. 5 that the de-
flection of the injected current grows with the increasing
deformation. Note that for symmetry reasons T1S = T2S .
The efficiency of the device, shown in Fig. 6 (right), also
increases with the deformation size. It can be observed
7that for r0 > 0.5Lx a highly efficient device is obtained
where almost all of the injected electrons are split up
into two fully polarized electron beams (see also the cur-
rent flow paths in Fig. 5). The deformation needs to be
rather wide in order to catch a significant part of the in-
jected current by the first lobe of the pseudo-magnetic
field (see the red lobe closest to the source in Fig. 1) and
to split it into two valley polarized beams. Moreover, the
functional dependence between the transmission and the
deformation size in Fig. 6 (middle) can also be used to de-
termine the deformation of the system from a transport
measurement.
Next, we vary both, the width r0 and height h0 of the
deformation independently while keeping its center fixed
at rc = (0.65Lx, 0.5Ly). The efficiency at the contact
1 is shown in Fig. 7. Highly efficient valley polariza-
tion of the electrons is observed for wide deformations
0.5 < r0/Lx < 1 with a height 0.15 < h0/r0 < 0.3,
which corresponds to a maximal strain of 0.6 − 1.2%.
Hence, in the suggested device it is favorable that the
pseudo-magnetic field extends over a significant part of
the system in order to collect a large part of the injected
current. Note that the efficiencies satisfy Q2 = −Q1.
Finally, we vary the position of the deformation rc =
(xcLx, Ly/2) in the system while keeping its width r0 =
0.55Lx and height h0 = 0.22r0 fixed. The device effi-
ciency Q1, shown in Fig. 8 (left), approaches its maxi-
mum when the deformation is placed slightly behind the
ribbon center, i.e. at xc ≈ 0.6Lx. Surprisingly, we ob-
serve that for a deformation, which is centered at the left
ribbon edge (xc = 0), the sign of the efficiency and hence,
the sign of the polarization gets reversed. This effect can
be explained by the fact that the electrons are injected in
the center of the pseudo-magnetic field which acts differ-
ently there, see Fig. 1. The classical trajectories in Fig. 8
(right) clearly indicate that the electrons in the two val-
leys (solid black and blue curves) are deflected differently.
However, injecting electrons precisely in the center of a
deformation may be experimentally challenging.
C. Valley polarization by the trigonal warping of
the Dirac cones
As a side remark, we comment that another way to
generate a valley polarized current might be to inject
electrons at high energy into a flat graphene nanorib-
bon. In Fig. 9 (left), the electrons that are injected with
energy E = 1.26 eV are split into two valley polarized
beams. The splitting of the electron beam as well as the
valley polarization are due to the trigonal warping of the
Dirac cones. This means that at high energies the Fermi
surface in graphene is no longer round but becomes tri-
angular, which sends the electrons from the two valleys
in two different directions. Details on the graphene val-
ley polarizer based on the trigonal warping of the Dirac
cones at high energies can be found in Refs. [4, 5]. Here,
Fig. 9 (right) provides also a consistency check of our
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Figure 9: Electron flow at a high energy (E = 1.26 eV) in
a graphene nanoribbon without deformation. The current is
split into two valley polarized beams due to the trigonal warp-
ing of the Dirac cones, which sends electrons from different
valleys in different directions. The occupied states are shifted
approximately by q = 0.3/d0 (small circles), which is consis-
tent with the high injection energy. Note that in this figure
the regions around the Dirac point have not been magnified.
calculations because the occupied states are shifted by
|q| = |E|/~vF = 0.3/d0 (small circles) in perfect agree-
ment with the injection energy and the dispersion rela-
tion.
IV. CONCLUSIONS
We studied theoretically the current flow in graphene
nanoribbons with smooth out-of-plane deformations
(Fig. 1) by means of a tight-binding model and the NEGF
method. Already for moderate strains, up to 1%, we ob-
served a complete directional splitting of valley currents
(Fig. 3) and a full valley polarization of the separated
beams (Fig. 3, 4). The different polarizations of the two
beams give rise to a finite valley voltage. We studied the
influence of the deformation’s strength (Fig. 5), shape
(Fig. 7) and position (Fig. 8) on the current splitting
efficiency by measuring the transmission between four
contacts (Fig. 6).
To complete the understanding, we established a con-
nection between the current flow paths and classical tra-
jectories of particles moving in curved space in presence
of a magnetic field. We derived the latter picture in an
earlier work from the effective Dirac equation in deformed
graphene [29].
These model calculations demonstrate the feasibility
of the proposal of a deformation sensor nanodevice. The
small size of the system (100 × 100 nm) is only a con-
sequence of our numerical limitations and we expect the
phenomena to persist at larger scales as long as the trans-
port stays ballistic. At larger scales (L > 100 nm) and
8lower energies (E < 0.1t0 ≈ 280 meV) the semiclassical
approximation is expected to give even better current
flow predictions.
An interesting open topic is the exact form of the bump
created in experiments (strain due to lattice mismatch
with the substrate, microscope tip, or air pressured mem-
brane) and the spatial distribution of the carbon atoms
obtained by taking into account various binding and re-
laxation mechanisms. Another element of the system,
which can be developed further, is the model of the con-
tacts. We plan to quantify the coherence of injected
electrons via graphene or hetero-metallic leads and study
their influence on polarization efficiency in the transport.
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